Artin–Schelter Regular Algebras of Global Dimension Three  by Stephenson, D.R.
 .JOURNAL OF ALGEBRA 183, 55]73 1996
ARTICLE NO. 0207
Artin]Schelter Regular Algebras of
Global Dimension Three
D. R. Stephenson*
Department of Mathematics, Uni¨ ersity of California, San Diego,
La Jolla, California 92093
Communicated by Susan Montgomery
Received December 19, 1994
1. INTRODUCTION
w xArtin and Schelter 3 have recently defined an interesting class of
noncommutative graded algebras called Artin]Schelter regular algebras.
These algebras are intended to be noncommutative analogues of commu-
tative rings of polynomials, and their study provides a natural starting
point for the study of general noncommutative graded ring theory and
w xnoncommutative projective geometry. The works of Artin and Schelter 3
w xand Artin, Tate, and Van den Bergh 4 give a complete classification of
Artin]Schelter regular algebras of global dimension three that are gener-
ated by elements of degree one. This last assumption is rather stringent in
the noncommutative case and omits many interesting algebras from con-
w xsideration. The purpose of this paper and 18 is to classify Artin]Schelter
regular algebras of global dimension three which are not generated in
degree one and thereby complete the program begun by Artin and
Schelter.
Throughout this article, the base field k will be assumed to be alge-
braically closed and of characteristic not equal to two. An N-graded
k-algebra A s [A is said to be connected graded if A s k and each Ai 0 i
is a finite dimensional k-vector space. Artin]Schelter regular algebras are
connected graded k-algebras which have finite global dimension and
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polynomial growth and which satisfy a version of the Gorenstein property
which will be given formally in Section 2.
In the commutative case, the only AS-regular algebras are commutative
polynomial rings, and these may always be assumed to have generators in
degree one. In the noncommutative case, however, many examples arise
which cannot be regraded so that they are generated in degree one. The
simplest such example occurs in global dimension two.
 4  .EXAMPLE. Let T be the free algebra k x, y , graded so that deg x, y s
 .  4  iq1.1, i , and let R s k x, y r yx y xy y x . Then R is AS-regular of
global dimension two, but if i G 2, R cannot be regraded so that it
becomes generated in degree one.
In the global dimension two case, these are in fact the only examples of
AS-regular algebras which cannot be regraded so that they are generated
in degree one. In global dimension three, however, more complicated
examples arise, and it is therefore important to understand the classifica-
tion in that case.
wAs a starting point, we prove the following generalization of 3, Proposi-
xtion 1.5 .
PROPOSITION 1.1. Let A be an AS-regular algebra of global dimension
three. Then
 .i A can be presented as a k-algebra either by three generators subject
to three homogeneous relations, or by two generators subject to two homoge-
neous relations.
 .  .ii If A is minimally generated by three homogeneous elements in
degrees a, b, and c, then the defining relations for A are in degrees a q b, a q c,
 .and b q c. In this case we will say that A is of type a, b, c .
 .iii If a is generated by two homogeneous elements in degrees a and b,
then the defining relations for A are in degrees 2 a q b and a q 2b. In this
 .case we will say that A is of type a, b .
 .iv A has the same Hilbert series as the appropriately graded polyno-
mial ring in three ¨ariables.
 .In Section 4, we study the algebras A of type a, b . If 1 - a F b, we
show that A may be regraded so that it becomes generated in degree one,
w xand therefore is classified by the results of 3, 4 . Therefore, we assume
that 1 s a - b. We prove:
THEOREM 1.2. Let A be an AS-regular algebra of global dimension three
 .of type 1, b such that b ) 1. Then one of the following occurs:
 .i there exists a graded subring R of A such that R is AS-regular of
global dimension two and A is isomorphic to an Ore extension of R.
REGULAR ALGEBRAS OF DIMENSION THREE 57
 .ii there exists a nonzero regular normal element u g A such that the2
 4  2factor ring AruA is isomorphic to an algebra of the form k x, y r xy y
2 2 .qy x, x , where q g k*.
 .  4  .iii b s 2 and A ( k x, y r f , f , where1 2
f s y2 x y xy2 ,1
f s x 2 y q yx 2 q y2 .2
 .  .  4  .iv b s 2 and A ( A " s k x, y r f , f , where1 2
f s xy2 q 2 xyx 2 " iy2 x " 2 iyx 3 ,1
f s x 2 y q yx 2 q y2 .2
 .  . 2v b s 2 and for some point a : a : a g P we ha¨e A (0 1 2 k
 .  4  .A a : a : a s k x, y r f , f , where0 1 2 1 2
f s a y2 x q a yxy q a xy2 q a x 5,1 0 2 0 1
f s a x 2 y q a xyx q a yx 2 q a y2 .2 0 2 0 1
 .  .Moreo¨er, the algebras in i ] iii abo¨e are skew polynomial rings in three
¨ariables and are Auslander regular Noetherian domains. We gi¨ e a complete
listing of these algebras.
In section three, we prove a similar theorem for AS-regular algebras of
 .  .type a, b, c except that in this case only analogues of Theorem 1.2 i and
 .ii may occur. Again, we give a complete list of the algebras.
 .  .The algebras in Theorem 1.2 iv ] v are the most interesting of the
AS-regular algebras of global dimension three which are not generated in
degree one. These algebras correspond to the class of elliptic algebras in
w x w x4 and will be discussed in the subsequent article 18 .
2. BASIC RESULTS
Throughout this article, A will represent a connected graded algebra
over an algebraically closed field k of characteristic not equal to two. We
d  .will work in the category of Z-graded A-modules. We use Hom M, N toA
denote the set of graded module homomorphisms from M to N of degree
 . d  .d. We set Hom M, N s d g Z Hom M, N , and denote the corre-[A A
 .sponding derived functors by Ext M, N . If M s [M is a graded A-A i
w x w xmodule, we use M d to denote the shifted module in which M d s M .i iqd
As A is connected graded, every finitely generated projective A-module is
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k w xfree and, hence, is isomorphic to A n for some integers n . In the[ i iis1
case that M is a right A-module and N is a left A-module, the group
M m N also has the structure of a graded group, and thus, each of theA
A .groups Tor M, N also has a graded group structure. We set Ai q
s i) 0 A , and we denote the module ArA by k or k , depending[ i q A A
on whether we are considering it as a left or a right A-module. We denote
 4the free associative k-algebra on symbols x , . . . , x by k x , . . . , x .1 n 1 n
We are concerned with algebras which are regular in the following
sense:
DEFINITION 2.1. A connected graded k-algebra A is said to be
Artin]Schelter regular or AS-regular, if:
 .i A has finite global dimension m,
 . qii A has polynomial growth; that is, there exist c g R and r g N
 . rsuch that for all n g N, we have dim A F cn ,k n
 .iii A is Gorenstein; that is, the projective modules occurring in a
minimal projective resolution P of the left module k are finitely gener-A
 .ated and the dual complex P* s Hom P, A is a projective resolution of aA
shift of the right module k .A
Notice that the Gorenstein condition on an AS-regular algebra of global
dimension m may be rephrased as follows: the projective modules occur-
ring in a minimal projective resolution of k are finitely generated, andA
n .Ext k, A s 0 for n / m and is a shift of the module k if n s m.A A A
w xIt is clear from 20, Lemmas 7, 8 that an AS-regular algebra has a finite
presentation as a quotient of a free algebra. Assume that A is AS-regular
of global dimension three. Let r be the minimum number homogeneous1
 4generators for A as a k-algebra. Let T s k x , . . . , x be the free algebra,1 r1
 .and choose a surjection f : T ª A such that f x is a homogeneousi
  ..   ..element of A and deg f x F deg f x . We give T the inducedi iq1
 .grading. To ease notation, we will often use x to denote f x . Seti i
x1
..x s .. 0xr1
 .Let I s ker f , and choose a minimal set of homogeneous generators
for I
f1
..f s . 0fr2
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 .  .  .  .with deg f G deg f . Define an r = r matrix M s m with ho-i iq1 2 1 i j
 .mogeneous entries from T by the formula Mx s f. Set m s deg x andi i
 . w xd s deg f . The following result generalizes 3, Proposition 1.5 .i i
PROPOSITION 2.2. Let A be an AS-regular algebra of global dimension
three. Then with the abo¨e notation:
 .  .i r s r s r ;1 2
 .ii there exists d g N such that for each i, 1 F i F r, we ha¨e m q di i
s d, and, moreo¨er,
2r mis1 i
m q m q m F d F ;1 ry1 r r y 1
 .iii r s 2 or r s 3.
Proof. Let p : A ª ArA ( k be the projection. We have an exactq
sequence of left A-modules
r r2 1
M x pw xA yd ª A ym ª A ª k ª 0,[ [j i A
js1 is1
where the maps are given by right multiplication. As gldim A s 3, we may
extend this to a minimal resolution of k:A
r r2 1
h M x pw x w x0 ª A ye ª A yd ª A ym ª A ª k ª 0.[ [ [b j i A
bgB js1 is1
2.3 .
 .Applying Hom y, A to the deleted resolution and shifting degrees givesA
a sequence of right A-modules,
r r1 2
w x w x0 ª A yd ª A m y d ª A d y d[ [i j
is1 js1
ª A e y d ª k ª 0, 2.4 .[ b A
bgB
which by the Gorenstein condition is a minimal resolution of k .A
A .  .The graded groups Tor k k may be computed from either 2.3 orn A, A
 . w x r1 w x2.4 . This gives that k s b g B k e y d , and is1 k ym[ [b ir2 w xs k d y d . This immediately gives r s r and m q d s d for[ j 1 2 i ijs1
 .  .1 F i F r . This proves i and the first part of ii .1
Set r s r . Let1
r r
m d di jp t s 1 y t q t y t . .  A
is1 js1
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 .As A is assumed to have polynomial growth, p t has no real rootsA
w x  .  .greater than 1 5, Proposition 2.14 . Also, p 1 s 0 and p t ª y` asA A
X  .t ª `. Therefore p 1 F 0. Using the fact that d s d y m , we obtainA i i
r r r
X0 G p 1 s y m q d y d s y2 m q r y 1 d. .  .  A i i i
is1 is1 is1
r  .As r G 2, this gives d F 2 m r r y 1 .is1 i
Suppose d - m q m q m . As d q m s d, we have d - m q m ,1 ry1 r 1 1 1 ry1 r
and so d - m q m for all j. The only monomials in x and x whichj ry1 r ry1 r
i  :may occur in some f are of the form x . Set S s k x , x : T andj ry1 ry1 r
 .  .R s f S : A. We have R ( Sr S l I , and the above remarks show that
S l I : Sx 2 S. This shows that SrSx 2 S, which does not have polyno-ry1 ry1
mial growth, is isomorphic to a factor ring of R. This is a contradiction,
since R : A, which has polynomial growth by assumption. Therefore,
 .d G m q m q m , and ii is proven.1 ry1 r
Suppose r ) 3. We have shown that
2r mis1 i
m q m q m F .1 ry1 r r y 1
As r ) 1, this gives
ry2
r y 3 m q r y 3 m q r y 3 m F 2 m . .  .  . 1 ry1 r i
is2
ry2  .Also, we have 2 m F 2 r y 3 m . As r ) 3, combining these lastis2 i ry2
two inequalities gives m q m q m F 2m . But 1 q 2m F m q1 ry1 r ry2 ry2 1
m q m , a contradiction.ry1 r
PROPOSITION 2.5. Preser¨ e the hypothesis and notation of Proposition 2.2.
Then
 . T  .i there exists a set y s y , . . . , y of homogeneous generators for T1 r
with deg y s m such that the entries of yTM generate I.i i
 .ii there exists a choice of the relations f with associated matrix M such
that the entries of xTM generate the ideal I. In this case, the resolution of kA
takes the form
r r
Tx M xw x w x w x0 ª A yd ª A yd ª A ym ª A ª k ª 0.[ [i i A
is1 is1
Proof. The proof of this result is similar to that of the corresponding
w x  w x .result in 3 , and so we omit it. See 17, Proposition 2.1.6 .
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COROLLARY 2.6. Let A be an AS-regular algebra of global dimension
three, and retain the notation of the preceding proposition. For each n, set
a s dim A . Thenn n
 .i the Hilbert function of A is gi¨ en by a s 1, and for n ) 00
r
a s a y a q a ; .n nym nyd nydi i
is1
 .ii if r s 3, then d s m q m q m and A has the Hilbert series of1 2 3
w x  .the commutati¨ e polynomial ring k z , z , z , where deg z s m ;1 2 3 i i
 .iii if r s 2, then d s 2m q 2m , and A has the Hilbert series of the1 2
w x  .  .commutati¨ e polynomial ring k z , z , z , where deg z s m , deg z s1 2 3 1 1 2
 .m , and deg z s m q m .2 3 1 2
 .Proof. The resolution 2.3 is of the form
r r
w x w x0 ª A yd ª A yd ª A ym ª A ª k ª 0. 2.7 .[ [j i A
js1 is1
By examining the dimensions of the graded pieces of this resolution, we
obtain
r
a s d q a y a q a , .n n , 0 nym nyd nydi i
is1
 .which proves i .
 .  .Statement ii is an immediate consequence of Proposition 2.2 ii and
 .part i of this corollary.
 . w xPart iii is shown in 3 if m s m , and so we assume m - m . Suppose1 2 1 2
 .d - 2m q 2m . Proposition 2.2 ii gives that 2m q m F d, so 2m F d1 2 1 2 1 2
 4  4- 2m q m , and, hence, d g am : a g N j m q m . This forces f1 2 2 1 1 2 2
s a x i q b x x q d x x . Easy arguments show that we must have b / 01 1 2 2 1
w xand d / 0 17, Corollary 2.10 .
 .  .  i j 4Set R s Tr f , so that A ( Rr f . The set x x is a k-basis of R,2 1 1 2
and GKdim R s 2. As R is a domain, we have that GKdim A s 1. Now
w x14, Theorem implies that A is a PI ring. The ring R is Noetherian and,
w xtherefore, A is Noetherian. Now 19, Theorem 1.1 implies that gldim A s
GKdim A s 1, which contradicts our assumption that gldim A s 3. There-
 .fore d s 2m q 2m , and the rest of part iii follows immediately.1 2
For ease of notation, we now introduce some local terminology.
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DEFINITION 2.8. Let A be an AS-regular algebra of global dimension
three, and let r and m be as above. Then if r s 2 we will say that A is ofi
 .  .type m , m . If r s 3 we will say that A is of type m , m , m .1 2 1 2 3
Remark. For the purpose of classification, we may assume that
 .GCD m , . . . , m s 1. As the cases m s . . . s m have been studied1 r 1 r
w xextensively in 3]5 , we may assume that m - m .1 r
3. THE CASE r s 3
In this section, we give a classification of AS-regular algebras of global
 .  .dimension three of type a, b, c , where a F b F c, a - c, and gcd a, b, c
 .s 1. Throughout this section, we assume these conditions on a, b, c . Our
main goal in this section is to prove the following theorem.
THEOREM 3.1. Let A be an AS-regular algebra of global dimension three
 .of type a, b, c , where a F b F c and a - c. Then A is an Auslander regular
Noetherian domain. Moreo¨er, one of the following occurs:
 .i there exists a graded subring R of A which is AS-regular of global
w xdimension two such that A is isomorphic to an Ore extension R z; u , r , where
u is a graded automorphism of R and r is a u-deri¨ ation.
 .ii there exists a regular normal element u g A such that the factora
 4  .algebra AruA is isomorphic to an algebra of the form k y, z r yz " zy .
Moreo¨er, A is a skew polynomial ring in three ¨ariables.
w xThe reader is referred to 3, p. 193 for the definition of skew polynomial
w xring and to 10 for the definition of Auslander regular.
 .Remark. The algebras that appear in Theorem 3.1 ii are of the form
 4k x, y, z rI, where I is generated by
f s zy " yz q u x i y q u x iz q u x 2 i ,1 1 2 3
f s yx q q xy q q xz q q x iq1 ,2 1 2 3 3.2 .
f s zx q t xy q t xz q t x iq1 ,3 1 2 3
with u , q , t g k such that q t y q t / 0. Such as algebra is shown to bei i i 1 2 2 1
AS-regular if and only if it is a graded twist of an Ore extension of the
w xform A9 s R t; u , r , where R is a commutative polynomial ring in two
variables, u is an automorphism of R, and the image of x in A9 is central
 .Proposition 3.14 . Thus, Theorem 3.1 says that if one wants to understand
 .the graded module theory of AS-regular algebras of type a, b, c , then one
only has to consider graded Ore extensions of AS-regular algebras of
global dimension two.
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The proof of Theorem 3.1 relies on the fact that Proposition 2.5 gives
certain restrictions on the defining relations of A, which can be studied
 4using linear algebra. We assume that A is generated by x, y, z with
 .  .  4  .deg x, y, z s a, b, c , T s k x, y, z , and I s ker T ª A . Most of the
proofs involve writing out possibilities for the defining relations explicitly
and applying Proposition 2.5 in one of the following two ways.
Sometimes it will be helpful to use the symmetry provided by Proposo-
 .tion 2.5 ii .
 4Notation 3.3. Let f , f , f be a set of generators for I with associated1 2 3
 .  .matrix M such that deg f , f , f s b q c, a q c, a q b , the entries of1 2 3
 .  .  .x, y, z M generate I, and A x, y, z s ker M .
In other situations, we will want to choose nice relations for the f , andi
 .in this case we must use Proposition 2.5 i .
 4Notation 3.4. Choose any set of generators f , f , f for I with associ-1 2 3
 .  .ated matrix M such that deg f , f , f s b q c, a q c, a q b . Let1 2 3
 .  .  .x9, y9, z9 be a set of generators for T such that deg x9, y9, z9 s a, b, c ,
 .  .  .the entries of x9, y9, z9 M generate I, and A x9, y9, z9 s ker M .
Theorem 3.1 is proven in Propositions 3.10 and 3.11. We first require
results which preclude certain possibilities for the defining relations fi
which are degenerate in the sense that they imply that A has zero divisors
in low degrees. If we were to assume a priori that A was Noetherian, these
results would be immediate since in that case A would be a domain see
w x.16 . Instead, we include these results and derive that A is Noetherian as
a consequence of the classification.
LEMMA 3.5. Let A be an AS-regular algebra of global dimension three of
 .type a, b, c , where a F b F c and a - c. Let p be nonzero element of Aa
and suppose a N b. Then pi / 0, where i s bra q 1.
Proof. Suppose pi s 0. Then we can choose a minimal generating set
 4  .  .for A which includes p, say x s p, y, z , where deg x, y, z s a, b, c .
 4  4Write A s k x, y, z rI. Choose a set f , f , f of generators for I such1 2 3
i  iy1 .that f s x . Therefore, M is a 3 = 3 matrix with third row x , 0, 0 .3
 4  4Now choose a new set of generators x9, y9, z9 for k x, y, z to satisfy
 .  .  .  .Notation 3.4. Then A x9, y9, z9 s ker M . Notice that 0, 0, x g ker M ,
 .  .  .and so 0, 0, x s a x9, y9, z9 s ax9, ay9, az9 for some a g A. This forces
 .  .x s az9, which is absurd since deg x s a - c s deg z9 . This gives a
icontradiction, and thus p is nonzero.
Consider the following condition:
 4  4if u g A _ 0 and ¨ g A _ 0 , then u¨ / 0 and ¨u / 0. 3.6 .a b
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PROPOSITION 3.7. Let A be an AS-regular algebra of global dimension
 .three of type a, b, c , where a F b F c and a - c. Then A satisfies condition
 .3.6 .
Proof. The proof is similar to that of Lemma 3.5, except that one must
w xinvolve all three relations. Details can be found in 17, Proposition 2.2.9 .
wWe will make use of the following result which is an easy corollary of 8,
xTheorem 9.3.1 .
COROLLARY 3.8. Let P be a connected graded k-algebra, and let R be a
graded subalgebra. Suppose that R is a domain generated by two homogeneous
 i j 4elements u and ¨ such that the set of monomials u ¨ : i, j g N is a k-basis
for R. Suppose there exists a homogeneous element z g P such that e¨ery
element of P may be uniquely written as a q a z q . . . qa z n, where each0 1 n
 .  .a g R. Suppose there exist homogeneous elements u u , u ¨ g R* andi
 .  .   .  .4homogeneous elements r u , r ¨ g R such that u u , u ¨ generates R as
a k-algebra and
zu s u u z q r u , .  .
3.9 .
z¨ s u ¨ z q r ¨ . .  .
Then u extends to an automorphism of R and r extends to a s-deri¨ ation on
w xR such that P is isomorphic to the Ore extension R z; u , r .
PROPOSITION 3.10. Suppose that a F b - c, and let A be an AS-regular
 .algebra of type a, b, c . Then there exists a graded subring R of a which is an
AS-regular algebra of global dimension two, such that A is isomorphic to an
w xOre extension R t;u , r , where u is a graded automorphism of R and r is a
u-deri¨ ation of R.
Proof. Suppose a s b - c. By Proposition 2.2, A has defining relations
 4f , f , f of degrees b q c, a q c, and a q b, respectively. We may choose1 2 3
 4 iq1a set of generators x, y, z for A such that f s yx q qxy q rx and3
 4q / 0 by Proposition 3.7. We may choose f and f such that f , f , f1 2 1 2 3
satisfies Notation 3.3.
Write out the relations f and f as1 2
f s a xz q a yz q a zx q a zy q h x , y x q j x , y y , .  .1 1 2 3 4 1 1
f s b xz q b yz q b zx q b zy q h x , y x q j x , y y. .  .2 1 2 3 4 2 2
 .From x, y, z M we get new defining relations:
g s a xz q xh q b yz q yh q zy q rzx ,1 3 1 3 2
g s a xz q xj q b yz q yj q qzx ,2 4 1 4 2
g s a x 2 q a xy q b yx q b y2 .3 1 2 1 2
REGULAR ALGEBRAS OF DIMENSION THREE 65
The relation g must be a nonzero scalar multiple of f , and so we see3 3
that b s 0, a / 0, and b / 0. By examining g and g , we see that the2 2 1 1 2
following are zero in A:
h s zx q qy1 a xz q xj q b yz q yj .1 4 1 4 2
h s zy q a xz q xh q b yz q yh q qy1 r a xz q xj q b yz q yj . . .2 3 1 3 2 4 1 4 2
 i j k4These relations show that B s x y z is a spanning set for A as a
k-vector space. Since A is AS-regular, the Hilbert series of A is known in
 .advance see Corollary 2.6 , and so B is a k-basis for A.
 :  4  .Let R s k x, y ; A. It is easily seen that R ( k x, y r f , so R is an3
AS-regular algebra of global dimension two and a Noetherian domain. In
order to apply Corollary 3.8, we need only show that
yqy1 a x q b y , y a y qy1 ra x q b y qy1 rb y . 4 .  . .4 4 3 4 3 4
generates R as a k-algebra. It clearly suffices to show that a b y b a / 0.3 4 3 4
 4But this is clear from the fact that f , f , f generates the same ideal of T1 2 3
 4as does h , h , f . Now Corollary 3.8 gives that A is isomorphic to an Ore1 2 3
extension of R.
The case where a - b - c differs mainly in notation, and we refer the
w xreader to 17, Proposition 2.2.13 for the details.
PROPOSITION 3.11. Suppose a - b s c, and let A be an AS-regular
 .algebra of type a, b, c .
 .i There is a regular normal element x g A such that the factor ringa
 4  .ArxA is isomorphic either to S s k Y, Z r ZY y qYZ for some q g k*,q
 4  2 .or to S9 s K Y, Z r ZY y YZ y Y . Moreo¨er, A is a skew polynomial
ring in three ¨ariables.
 .ii If ArxA is isomorphic to S9 or to S with q / "1, then there is aq
graded subring R of A such that R is AS-regular of global dimension two, and
w xA is isomorphic to an Ore extension of the form R t; u , r , where u is a graded
automorphism of R and r is a u-deri¨ ation.
 4  .  .Proof. Write A s k x, y, z rI, where deg x, y, z s a, b, c and I is
 4generated by a set f , f , f which satisfies Notation 3.3. We write out1 2 3
these relations explicitly as
f s a y2 q a yz q a zy q a z 2 q h x , z x q j x , y x q a x i y q b x iz , .  .1 1 2 3 4
f s b xy q b xz q b yx q b zx q b x iq1 ,2 1 2 3 4 5
f s c xy q c xz q c yx q c zx q c x iq1.3 1 2 3 4 5
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Proposition 3.7 easily implies that b c y c b / 0 and b c y c b / 0.1 2 1 2 3 4 3 4
 4Thus we may find y9, z9 g A such that x, y9, z9 generates A andc
yx s xy9 and zx s xz9. This shows that x is normal in A.
Let M be the matrix associated to the relations f . Upon writing out thei
 .relations given by x, y, z M one quickly sees that a a y a a / 0.1 4 2 3
Set
 4 2 2S s ArxA ( k y , z r a y q a yz q a zy q a z . .1 2 3 4
As a a y a a / 0, S is a domain. It is easy to show that we may choose1 4 2 3
new homogeneous generators Y and Z for S such that the defining
 .relation for S becomes either ZY y qY Z for some q g k* , or ZY y YZ
y Y 2. To simplify our notation, we will use Y and Z also to represent
homogeneous preimages of Y and Z in A.
 4Now A is generated by the set x, Y, Z with defining relations of the
form
Yx s q xY q q xZ q q x iq1 ,1 2 3
Zx s t xY q t xZ q t x iq1 ,1 2 3
ZY s F Y , Z q u x iY q u x iZ q u x 2 i , . 1 2 3
 . 2  i j k4where F Y, Z is either qYZ or YZ q Z . This shows that B s x Y Z
is a k-basis for A as in the proof of 3.10. Now we see that A is a skew
polynomial ring in three variables and that x is a regular element.
 . 2Suppose if F Y, Z is YZ q Y or qYZ, with q / "1. Evaluating the
 .  .equality ZY x s Z Yx using the above relations gives that t s q s 0.1 2
 :Set R s k x, Y ; A. Now Corollary 3.8 shows that A is isomorphic to an
 .Ore extension of R as in ii .
We prove the following converse to Theorem 3.1
PROPOSITION 3.12. Let A be a connected graded k-algebra such that one
of the following occurs:
 .i There exists a graded subalgebra R of A such that R is AS-regular of
w xglobal dimension two and A ( R t; u , r , where u is a graded automorphism
of R and r is a u-deri¨ ation.
 .ii A is a skew polynomial ring in three ¨ariables and there is a
homogeneous regular normal element x g A such that ArxA is isomorphic to
 4  .an algebra of the form k y, z r zy " yz .
Then A is an Auslander regular Noetherian domain. In particular, A is
AS-regular.
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 .Proof. In case i , R is an Auslander regular Noetherian domain, and
w xso the same is true for A by 8, Theorem 9.3.3; 11, Lemma .
 .Suppose ii occurs. The fact that A has global dimension three is given
w x  4  .in 3, Corollary 6.9 . The factor ring k y, z r zy " yz is an Auslander
w xregular Noetherian domain and 10, Propositions 3.5, 3.6 gives the result
for A.
In both of the above cases, the fact that A is AS-regular follows from
w x10, Theorem 6.3 .
COROLLARY 3.13. Let A be an AS-regular algebra of global dimension
 .three of type a, b, c , where a F b F c and a - c. Then A is an Auslander
regular Noetherian domain.
For completeness, we include the next result, which tells which of the
 . w xalgebras in 3.2 are AS-regular. First, we require a definition from 5 . Let
A be a graded k-algebra, and let s be a graded automorphism of A. We
define a new graded algebra A , which is isomorphic to A as an abelians
group. For a g A, let a be the element of A corresponding to a. Thens s
 .  .the product of two homogeneous elements a g A and b g A iss s n s s m
 s n.a b s ab . We call A the twist of A by s .s s s s
 .PROPOSITION 3.14. Let A be one of the algebras gi¨ en by 3.2 . Then A is
AS-regular if and only if A is a twist of an Ore extension of the form
w xw xS s k x, u ¨ ; t , d in which the image of x is central.
Proof. If A is a twist of the regular algebra S, then the regularity of A
w xis given by 4, Corollary 8.6 .
Conversely, if A is AS-regular, then A is a skew polynomial ring in
 i j k4three variables by Theorem 3.1. Hence x y z is a k-basis for A. Define
 .  . i  . is x s x, s y s q y q q z q q x , s z s t y q t z q t x . These as-1 2 3 1 2 3
 4signments induce a homomorphism s : k x, y, z ª A, which is surjective
since q t y t q / 0. We claim that s induces an automorphism of A.1 2 1 2
 .We need only show that s f s 0. This is easily checked for f and f .i 1 2
 .  .For f , this follows from the facts that yx s xs y and zx s xs x ,3
 .  .together with the fact that zy x s z yx .
Consider the ring B s A . It is easily seen that x is a regular centrals s
 4  .element of B and that BrxB ( k u, ¨ r u¨ " ¨u . It is now clear from
w xCorollary 3.8 that B is an Ore extension of k x, u .
4. THE CASE r s 2
In this section, we begin the classification of AS-regular algebras of
 .global dimension three of type a, b such that a - b. We will always
 .assume that GCD a, b s 1. We begin with an elementary lemma.
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 .LEMMA 4.1. Suppose A is an AS-regular algebra of type a, b with
1 - a - b. Then A can be regraded so that it becomes generated by elements
w xof degree one, and so A is classified by the results of 3, 4 .
Proof. This follows immediately from examining the possible monomi-
als that could occur in the defining relations for A.
The main result of this section is the proof of Theorem 1.2. During the
proof, we explicitly write out the relations for the AS-regular algebras of
 .  .type 1, b with 1 - b. The algebras that satisfy Theorem 1.2 ii can be
 4written more naturally as quotient rings of T s k x, y, z by an ideal
 .I s f , f , f , where1 2 3
f s zy q y2 x q a x 2 bq1 q b zx b q b yx bq1 ,1
f s xz y yx 2 ,2
f s xy y z ,3
with a , b g k, or
f s yz y cxy2 ,1
f s zx q cx 2 y ,2
f s yx y z ,3
with c g k*. These algebras are AS-regular for all values of a , b g k and
c g k*.
 .Remark. The algebras in Theorem 1.2 iv]v are not in general skew
polynomial rings. These algebras correspond to the elliptic algebras in the
w xwork of Artin, Tate and Van den Bergh. In a subsequent article 18 , we
w x  .use the techniques introduced in 4 to prove that the algebras A " are
 .AS-regular and that the algebras A a: b: c are AS-regular, except for
 . 2a: b: c in a specified finite subset of P .
 .Proof of 1.2. Let A be an AS-regular algebra of type 1, b with b ) 1.
 4Choose a minimal set of homogeneous generators x, y for A such that
 .  .  4deg x, y s 1, b , and write A s TrI, where T s k x, y . Let f be a2
nonzero element of I . Thenbq2
f s c xyx q c yx 2 q c x bq2 q d x 2 y q d y2 .2 1 2 3 1 2
If b / 2 then d s 0. Via a change of generator y ¬ y y a x iy1, we may2
assume that either c s 0 or d s c q c q d s 0.3 2 1 2 1
 .  4By Proposition 2.5 ii , we may choose a set of generators g , g s f1 2 2
 .  .  .for I such that deg g , g s 2b q 1, b q 2 and the entries of x, y M1 2
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generate I, where M is the matrix associated to the relations g . We alsoi
 .have that A x, y s ker M. Write the relations explicitly as
g s a y2 x q a x 2 bq1 q h x , y x q b xy2 q b yxy q b x bq1 y .1 1 2 1 2 3
g s c xyx q c yx 2 q c x bq2 q d x 2 y q d y2 ,2 1 2 3 1 2
 .where h x, y is linear in y.
 .  .Set h , h s x, y M. The matrix M has the form1 2
a y2 q a x 2 b q h b xy q b yx q b x bq11 2 1 2 3
bq1 2 /c xy q c yx q c x d x q d y1 2 3 1 2
and so
h s a xy2 q a x 2 bq1 q xh x , y q c yxy q c y2 x q c yx bq1 , .1 1 2 1 2 3
h s b x 2 y q b xyx q b x bq2 q d yx 2 q d y2 .2 1 2 3 1 2
There exists a nonzero scalar c such that h s cg . Also, there exists a2 2
nonzero scalar e and scalars d such that h s e g q by1 d x ig x by iy1.i i 1 is0 i 2
Expanding the g and h and equating coefficients gives that ce s "1,i i
as well as various conditions on the other scalars involved. These can be
analyzed using easy although somewhat tedious linear algebra. The result
w xis the following lemma, whose proof is given in 17 .
LEMMA 4.2.
 .i Suppose d s 0 and ce s 1. Then A can be presented as a quotient2
 4of the free algebra k x, y, z by the relations
R s z y xy y qyx ,1
R s xz y rzx q mx bq2 q , r / 0 4.3 .  .2
R s zy y ryz q lx 2 bq1 q p x bz q p x bq1 y.3 1 2
 .ii Suppose d / 0 and ce s 1. Then b s 2 and A can be presented2
 4as a quotient of k x, y by the relations
a x 2 y q a xyx q a yx 2 q a y2 ,0 2 0 1
4.4 .
a y2 x q a yxy q a xy2 q dx5.0 2 0
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 .iii Suppose d s 0 and ce s y1. Then A can be presented as a2
 4quotient of k x, y, z by the relations
yx y z
zx q cx 2 y c / 0 4.5 .  .
cxy2 y yz ,
or by the relations
xy y z ,
xz y yx 2 , 4.6 .
zy q y2 x q a x 2 bq1 q b xyx b q b yx bq1.
 .iv Suppose d / 0 and ce s y1. Then b s 2 and A can either be2
 4presented as a quotient of k x, y, z by the relations
yx y z ,
yz y xy2 , 4.7 .
zx q x 2 y q y2 ,
 4or as a quotient of k x, y by the relations
x 2 y q yx 2 q y2 ,
4.8 .
"iy2 x q b xyx2 " ib yx 3 q xy2 ,
’where i s y 1 .
We now complete the proof of Theorem 1.2. Suppose A has defining
 .  i j k4relations 4.3 . The set B s x y z is a spanning set for A as a k-vector
 .space and, hence, is a k-basis for A by Corollary 2.6 iii . This shows that
A is a skew polynomial ring in three variables. Let R be the subring of A
 4  .generated by x and z. Clearly, R ( k x, z r R is an AS-regular algebra2
of global dimension two. Corollary 3.8 now gives that A is isomorphic to
 .an Ore extension of R, and thus R satisfies Theorem 1.2 i .
 .Suppose A has defining relations 4.4 . If d / 0, we may make a simple
change of generator x ¬ l x and, thus, assume that d s a . Then A1
 .satisfies Theorem 1.2 v . If d s 0, then A can be presented as a quotient
 4of k x, y, z by the relations
qyx q xy y z ,
xz q qy1 zx q d rc y2 , .2 2
zy q qy1 yz ,
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y1  .where q q q s c rc . A simple argument shows that c / 0. Let1 2 2
 :  4  y1 .R s k y, z ; A, and note that R ( k y, z r zy q q yz . It follows as
before that A is isomorphic to an Ore extension of R by Corollary 3.8 and
 .satisfies Theorem 1.2 i .
 .  .It is easy to see that if A is defined by 4.5 or 4.6 , then A is a skew
polynomial ring in three variables and x 2 is a regular normal element of
 .  .A. Thus, A satisfies Theorem 1.2 ii . If A is defined by 4.7 , then A
 .satisfies Theorem 1.2 iii .
 .Let A be defined by 4.8 . The matrix M associated to these relations is
"iy2 q b xyx " ib yx 2 xy
.
2 /yx x q y
 .  4By Propostion 2.5 i , there exists a new set x9, y9 of generators for
 4  .  .  .k x, y such that deg x9, y9 s 1, 2 and the entries of x9, y9 M generate
I. It is clear that x9 s a x for some a g k* and y9 s g y q d x 2 for some
 .g g k* and d g k. The second entry of x9, y9 M gives that
a x 2 y q g yx 2 q g y2 q d x 2 y q d x 4 g I.
But I is one dimensional, spanned by x 2 y q yx 2 q y2. This shows that4
 .d s 0 and a s g . The first entry of x9, y9 M gives that
"ixy2 q b x 2 yx " ib xyx2 q y2 x g I
and, therefore,
xy2 " ib yx 3 q b xyx 2 . i 1 y b y2 x g I. .
We have that I is three dimensional, with basis5
x 2 yx q yx 3 q y2 x ,
x 3 y q xyx 2 q xy2 ,
xy2 " ib yx 3 q b xyx2 " iy2 x .
This leads to contradiction unless b s 2, and now A satisfies Theorem 1.2
 .iv .
COROLLARY 4.9. Let A be a skew polynomial ring in three ¨ariables
 .  .  .satisfying part i , ii , or iii of Theorem 1.2. Then A is an Auslander regular
Noetherian domain. In particular, A is AS-regular of global dimension three.
 .Proof. Suppose A satisfies Theorem 1.2 i . The ring R is Auslander
w xregular and, by 11, Lemma , so is A. The fact that A is a Noetherian
w xdomain is given in 8, Theorem 9.3.3 .
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 .Suppose A satisfies Theorem 1.2 ii . Let u g A be a regular normal2
 4  2 2 2 . 2element such that AruA ( k x, y r xy y qy x, x . The image of y in
 2 .  4  2 2 .AruA is regular and normal, and Ar uA q y A ( k x, y r x , y . Thus,
 2 .Ar uA q y A is Noetherian Auslander Gorenstein of dimension one. By
w x10, Theorems 3.5, 3.6 , A is Noetherian and Auslander Gorenstein of
dimension three. Since A is a skew polynomial ring in three variables,
w xgldim A s 3 3, Corollary 6.9 . So A is Auslander regular of global
w xdimension three, and 10, Theorem 6.3 shows that A is also AS-regular.
w xThe fact that A is a domain is given by the results in 16 .
 .The proof is similar when A satisfies iii .
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